ASYMPTOTIC BEHAVIOR OF A THERMOVISCOELASTIC 
PLATE WITH MEMORY EFFECTS 
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Abstract. We consider a coupled linear system describing a thermoviscoelastic plate 
with hereditary effects. The system consists of a hyperbolic integrodifferential equation, 
governing the temperature, which is linearly coupled with the partial differential equation 
ruling the evolution of the vertical deflection, presenting a convolution term accounting 
for memory effects. It is also assumed that the thermal power contains a memory term 
characterized by a relaxation kernel. We prove that the system is exponentially stable 
and we obtain a closeness estimate between the system with memory effects and the 
corresponding memory-free limiting system, as the kernels fade in a suitable sense. 



Let O be a bounded planar domain with smooth boundary dQ. Suppose that Q is occu- 
pied, for all time t, by a thin homogeneous isotropic viscoelastic plate. Denoting by u its 
vertical deflection and by i? the temperature variation field, we suppose that the evolution 
of the pair (u, i?) is governed by the following integrodifferential system 



in Q x R+, where R+ = (0, oo). Here k : [0, oo) -> R + and h : [0, oo) -> R + are smooth 
decreasing convex functions which go to and to h(oo) > at infinity, respectively. 
Instead, the memory kernel a : [0, oo) — > R + is a smooth increasing concave function with 
a' vanishing at infinity. Moreover, all the other physical constants have been set equal to 
1. Observe that, if k and h — h(oo) coincide with the Dirac mass So at zero and a = 0, 
then, supposing h(oo) = 1, the above system formally collapses into the linear model of 
thermoviscoelastic plate 
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1. Introduction 




(1.2) 



u tt + A 2 u t + A (Am + •&) = 
i? t — At? - Au t = 0. 
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We shall assume for simplicity that system (11.11) is endowed with Navier boundary con- 
ditions 

u(t) = Au(t) = on dtt, t > 0, 

$(t) = on on, t e K, 

and initial conditions 



(u(0),Ui(0),i?(0)) = (uo,«i,#o) mfi, 
0(- s ) = O ( S ) in ft x R+, 
w(— s) = Uo(s) in x ]R + , 

where Wq, Wi,i?o : ^ — > K and Wo,$o : ^ x ^ + ~~ * K are assigned functions. The choice 
of these boundary conditions (edge-free plate) simplifies the functional setup as well as 
some technical arguments with respect, e.g., to Neumann boundary data (clamped plate). 
The results will be obtained via the so-called past history approach (cf. [6] and references 
therein) which allows, under suitable assumptions, to express the solution by a strongly 
continuous semigroup acting on an appropriate (extended) phase space (cf. Theorem 12. II) . 

System (II. ip with h = h(oo) was considered and justified from the physical viewpoint 
in [4], while the viscoelastic case was treated in [13] (cf. also their references). In [4] 
the exponential stability was proved provided that a(0) ^ 0, namely not only the heat 
conduction law accounts for hereditary effects (see [8]), but also the constitutive assump- 
tion for the thermal power contains a memory term characterized by a nonzero relaxation 
kernel. Instead, if one assumes that h = h(oo) and a = 0, then, for nonzero initial histo- 
ries, the system fails to be exponentially stable, no matter how fast the memory kernel 
k squeezes at infinity, provided that its growth around the origin is suitably controlled 
(cf. [5, Thm. 5.4]). This confirms the conjecture that was formulated in [4, Rem. 5.1] and 
also says that the presence of past history plays a discriminating role for the stability of 
the thermoelastic system. It must be noticed that the exponential stability was obtained 
in [4] and in [13] by exploiting some spectral analysis arguments, without detecting a 
precise decay rate. On the other hand, mainly in view of the asymptotic analysis that 
we wish to pursue with respect to the behavior of the memory kernels involved in (11.11) . 
here we are interested in getting an explicit rate of decay. By exploiting a technique first 
introduced in [9,15], we detect the decay rate by building up an ad hoc perturbation of the 
energy functional which satisfy suitable differential inequalities (cf. Theorem 13. ip . Con- 
cerning the case h ^ h(oo) and a = 0, in Appendix we shall consider a quite general class 
of (abstract) thermoelastic systems with memory. We shall prove that every trajectory 
squeezes to zero asymptotically (nonuniformly with respect to initial data). Moreover, we 
shall exhibit some (weakly singular) memory kernels for which the corresponding system, 
not including (11.11) . lacks of exponential stability. 

The second main result of this paper is about the closeness between the solutions to 
system (II. ip and the solutions to the system (11.21) . The set of boundary and initial 
conditions is the same but the ones for the past histories of i? and u. Concerning the 
memory kernels k and h, we proceed in the spirit of [1] (see also [2,3,7]) by replacing 
them with the rescalings k £ and h a , defined by 

k £ (s) = -k (-) , h a (s) = -h(-), VsGK + , 
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where h = h — h(oo), while e G (0, 1] and a G (0, 1] are time relaxation parameters. Notice 
that k £ and h a approach the Dirac mass 5q as e and a go to zero, in the sense of distribu- 
tion. Moreover, on the basis of physical motivations, concerning the parametrization of 
the memory kernel a, we think of the (model) situation 

a T (s) = 0(r)+^(r)(l-e-" s ), Ws G K+ 

4>,ip : [0,1] -> R + being continuous functions with 0(0) = ip(0) = (see (j275)> - fj27TT|> ). 
Therefore, while the kernels and h undergo a singular perturbation procedure, a is 
parameterized just in order to be uniformly squeezing to zero as r vanishes. A suitable 
reformulation of system ( 11. ip . according to a well-established procedure, with k £ in place 
of fc, h £ in place of /i, and a T in place of a is shown to generate a semigroup of contractions 
S a ,T,E(t) on a certain phase-space 7i.® T£ . Then, denoting by So,o,o (t) the limiting semigroup 
generated by system (11.21) . we establish an estimate of the difference between two different 
trajectories, in terms of a, r and s, which holds on any bounded time interval. Basically, 
our estimate says that the solutions to system ( II. ip are arbitrarily close, in the natural 
norm of 7~i° UT£) to the solutions of system (II. 2p . provided that a, r and e are small enough 
and the initial data are chosen inside a suitable regular bounded subset of the phase-space. 
For the sake of generality we stress that, in addition to the singular limit estimate in the 
norm of the base phase-space 7i° aT£) we shall actually provide the control with respect 
to the norms of the higher order phase-spaces 7i™ T£ , m > for suitably regular initial 
data (cf. Thm 14.51) . Clearly, the limit process for a and e going to zero is singular, for the 
information on the past histories of the temperature field d and of the vertical deflection 
u get lost in the limit. As we shall see, the closeness control has to be understood for time 
intervals which are bounded away from 0. In the particular case where we fix r = and 
we only take care of the limit process with respect to a and s, the result strengthens since 
the estimate turns out to hold with constants which are independent of the time interval 
size, so that the differences between any two trajectories can be controlled for any time 
t > (cf. Theorem i2D. 

An interesting open problem is the analysis of the present model when h is approximated 
as a, that is, by a vanishing sequence of kernels. In fact, recalling that there is no 
exponential decay when a and h! vanish (see [5]), there should be a relation between 
the relaxation times e, a and r in order to preserve the exponential stability when they 
approach zero. 

The content of the paper is organized as follows. 

In £j2]we introduce the notation and the basic tools, and we formulate the problems in the 
proper functional setting. In $3]we prove that, for every r^0, the solutions to (11. ip are 
exponentially decaying with a rate of decay proportional to <f>(r). In §4] we demonstrate the 
closeness estimate between the strongly continuous semigroups associated with systems 
(II. ip and (11.21) when the time rescaling parameters a, t and e tend to zero. Finally, in 
the Appendix, we deal with the pointwise decay and the lack of exponential stability for 
an abstract class of thermoelastic systems with memory. 

2. Preliminaries and well-posedness 

In this section we provide the proper functional framework and the well-posedness result 
for problem (II. ip . 
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2.1. The kernels parametrization. We assume that k : R + — > R + and /i : R + — 

are smooth, decreasing and summable functions satisfying, for the sake of simplicity, the 
normalization conditions 



poo pc 

/ k(s)ds = 
Jo Jo 



h(s)ds = 1, h(0) = 2, fc(0) = h(oo) = 1. 



Then, we set 

^(s) = -k'(s), /3(s) = -h'(s), VsG 
where \i and (5 are supposed to satisfy 



(2.1) 


fj.,/3 e C 1 (R + )nL 1 (R- t 


■), 


(2.2) 


K-s) > 0, P(s) > 0, 


Vs G R+, 


(2.3) 


/i'(s)<0, /3'(s)<0, 


Vs G R + , 


(2.4) 


f i'{s) + 5 l fi{s) < 0, 


Vs G R+, 


(2.5) 


/3 , (s) + (J 2 /3(s)<0, 


Vs G R + . 



for some 5 X > and S 2 > 0. For any e G (0, 1] and a G (0, 1] we define the rescalings 
(2-6) ^(s) = 1„ (£) = &( a ) = 1/3 (i) = -^(s). 

Without loss of generality, we suppose that, for e G (0, 1] and a G (0, 1], there holds 

poo poo 

(2.7) / n £ {s)ds = i, / sfi £ {s)ds = 1, 

Jo Jo 

/>oo />oo 

(2.8) / ^(s)ds = i / 8/3^)^ = 1. 

Jo Jo 

We assume that a(s) = a T (s), with r G [0, 1], where a T : R + — > R + is a smooth concave 
function. We put z/ r (s) = -<(s), where i/ T G C 1 (IR + ) n L 1 (R+) satisfies 

(2.9) ^r(s)>0, i/(s)<0, VsGR+, 

(2.10) z/ (s) + 5 3 z/ r (s) < 0, Vs G R + , 

for some 5 3 > 0. Furthermore we assume that the map {r i— > z/ r } is increasing and there 
exist two functions 0,^ G C°(R + ) with > 0, ip > and 0(0) = ^(0) = 0, such that 

(2.11) a r (O) = 0(r), VrG[0,l], KIUi(r +) < Vr G [0,1]. 

2.2. The scale of phase-spaces. Let f2 be a smooth bounded subset of R 2 . The symbols 
|| • || and (•, •) stand for the norm and the inner product on L 2 (Q), respectively. We define 
the positive operator A on L 2 (Q) by A = —A with domain V(A) = Hq(Q) fl H 2 (Q), and 
we introduce the scale of Hilbert spaces H m = V(A m ^ 2 ), m G R, endowed with the inner 
products (u 1: u 2 )H m = {A m ^ 2 u 1 , A m ^ 2 u 2 ). We now consider the weighted Hilbert spaces 

M™ £ = Ll(R + ,H m+1 )nL 2 UT (R + ,H m ), Q™ = ^ CT (R + ,^ m+1 ), m G R, 
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endowed, respectively, with the inner products 

POO 

(Vi,V2)M? e = / Ms)(A {1+m)/2 Vi(s),A^ m y%(s))ds 
Jo 

poo 

+ / ^(s)(A m ^ Vl (s),A m / 2 V2 (s))ds, 







oo 



o 

and we introduce the product spaces 

( H m+2 x H m x H m x M™ £ x Q™ +1 , if a > and r > or e > 0, 



n a,T,e 



H m+2 x H m ^ H m x M™ £ , if a = and t > or e > 0, 



#m+2 x F m x #m x Qm+i^ if a > and r = e = 0, 

H m+2 x jjm x ^m^ if ^ = r = £ = Qj 

that will be normed by 

||(u,«t,0,»7,f)ll«™ TiB = IMI/W + IKIIh- + \\^\\ 2 Hm + \\v\\m^ + ll^ll^+i- 

In particular T£ is the extended phase-space on which we shall construct the dynamical 
system associated with (11.11) . Throughout the paper, when a = r = e = 0, we shall agree 
to interpret the five entries vector z = (w, «(, 77, £) just as the triplet (u,u t ,$). 

2.3. The problem setting. In order to formulate the problem in a suitable history space 
setting, let T r>£ and T a be the linear operators on M.° r£ and Q} a respectively, defined as 

T T , e r/ = - Vs , 77 G £»(T T , £ ), T CT £ = C G V(T a ), 

where 

D(T T , £ ) = {77 G .M° £ : 77, G .M° £ , 77(0) = 0}, 

v{T a ) = g qi : e s eQi, e(o) = o>, 

and 7/ s (resp. £ s ) stands for the distributional derivative of 77 (resp. £) with respect to 
the internal variable s. Notice that T T e (resp. T a ) is the infinitesimal generator of the 
right-translation semigroup on M. Q T£ (resp. Q l a ). Moreover, on account of (12.31) and (12.91) . 



s 

OO 1 POO 



1 f 1 
(2.12) (T T)£ 77, 77> M o = - / v'MWA^^fds + - I u' T (s)Hs)\\ 2 ds<0, 



2 Jo 2 j (] 



1 f°° 

(2.i3) (T CT e,e) S i = 2 y #00 wooii 2 ** < o, 



for 77 G V{T Ty£ ) and £ G V(T a ). Following the well-established past history approach (see, 
e.g. [6]), we introduce the so-called past histories of t9 and u, 

r] t (s)=[ -&(t-y)dy, £*(s) = u(t) - u(t - s), (s,t)eR + xR + . 
Jo 

Differentiating these variables leads to further equations ruling the evolution of 77 and £ 
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We are now in the right position to introduce the formulation of the problems. On 
account of the normalization conditions and of the notation previously introduced, for 
any a,r,e G [0,1], given (u , u h tf , Vo, Co) in W° T£ , find (u, u t: i?, 77, C) e C([0, oo), W° r>£ ) 
solution to 



u a + (3 a (s)A 2 £(s)ds + A(Au-d) = 0, 



/•oo /*oo 

/ u T (s)rj(s)ds + / fj, £ (s)Ar](s)ds + Au t = 0, 
Jo io 



T) t = T T£ T] + 



for t G M + , with initial condition (w(0), Mt(0), $(0), 77°, £°) = (wo, Mi, "#o, ?7o, Co)- Similarly, 
we introduce the limiting problem (formally corresponding to the case a = r = e = 0). 
Given (-u , «i, $0) G ^0.0 o> find (u,u t ,$) G C([0, 00), 7^° ) solution to 



(Po,o,o) 



tf t + Ad + Au t = 0, 



0. 



for t G IR + , which fulfills the initial conditions (w(0), u t (0), f?(0)) = («o, Wi, $o)- The above 
problems are abstract reformulation of the initial and boundary value problems associated 
with (jTUJ and (Oj) . 

2.4. Well-posedness. System Po-.r.e allows us to provide a description of the solutions 
in terms of a strongly continuous semigroup of operators on T~t® T£ - Indeed, setting 



the problem rewrites as 



d 



dt 



C = C(, C(0) = Co, 



where C is the linear operator defined by 

/ 



(2.14) 



with domain 



C 







V 








V 




w 





\ 



V(C) 



- J °° f3 a (s)A 2 £(s)ds - A(Au - 0) 
(r)i? - J °° v T (s)r](s)ds - fi £ (s)Ar](s)ds - Av 
+ T T , e r] 

v + T^ ) 



Au-'deH 2 
v e H 2 , d eH 1 

n £ (s)Ar]{s)ds e H° 

J °° Ms^ds e H° 

r ^(s)A^(s)ds G H° 



cr,T,e 



V G V(T Tj£ ), c e P(T ff ) J 
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By virtue of (12.121) and (12.131) . it is readily seen that L is a dissipative operator. We will 
tacitly extend the definition of S atT ^ e (t) to the case a = r = e = which is well known. 
Of course, in this case the solution semigroup is a three-component vector only. We now 
assume that ([2TT]) -(l2T2lh (1X1)-(1231) and fl2T9l)- fl2~TTl) hold true. If a > 0, r > and e > 0, 
following the proof of [4, Thm. 2.1], we obtain 

Theorem 2.1. System V a , T ,e defines a Co-semigroup S ajTtE (t) of contractions on 7i.® T£ - 



3. Exponential stability of S ajTie (t) 

In this section we prove that, for any r G [0, 1], the semigroup S ajT;£ (t) is exponentially 
stable on TC® Te , admitting a decay rate proportional to <p(r) when r > 0. In this case, 
the exponential stability is actually already known from [4] in the elastic case with a 
nonvanishing kernel a (recall that if a vanishes the exponential stability fails as shown 
in [5]). However, this result was proven via spectral analysis arguments, without detecting 
a precise decay rate. Here, we exploit a technique first introduced in [9,15], namely, and 
we obtain the decay estimate for a suitably defined perturbation of the energy functional 
£ : 1R + — > R, defined by £{t) = \\S a}Tje (t)\\yp . We can thus provide a decay rate which 
shows the role played by the kernels a and h. 
The main result of this section is the following 

Theorem 3.1. Assume that (1231) - (123]) and fl23D- (l2TTUD hold. Then there exist > 0, 
do > and q > 0, independent of a, t and e, such that for any r G [0, 1] 

(3.1) €{t) < ^(0)e- Wr)+do)ei , Vt>0. 

Remark 3.2. A careful analysis of the proof of Theorem 13.11 shows that the constant do 
and 9 can be explicitly calculated. In particular, d accounts for the viscoelastic effects. 

Proof Let r G [0, 1] and let < p\, < p$ < 1 to be chosen later. Then, for all t > 0, 
consider the following perturbation T\ of the energy functional £ 

^i(t) = £{t) +p b Q b (t) +p t Q t (t), e b (t) = (u t (t),u(t)), tt (t) = -a(u t (t),e) Q -i. 

We denote by C a generic positive constant independent of Pb,Pt) an< ^ (J i T i e which may 
vary from line to line within the same formula. Observe that, by (12. 8p . there holds 

|o b (t)| + |e»(t)| < c{\Au{t)f + \\u t {t)t + \\ewh) < cs(t). 

Therefore, up to choosing p^ and sufficiently small, we have |^i(t) < £{t) < 2JF 1 (£), 
so that 8 and T\ turn out to be equivalent for what concerns the energy decay estimate. 
Let us now multiply the first equation of V a ^ T , e by u t in H°, the second by $ in H°, the 
third by r\ in .M° £ , the fourth by £ in Q\ and add the resulting identities. This yields 

— £{t) < -^\\ff\\ 2 L 2^+ )H i) - ^II^IIz^r+^q) - IHI£*IIqi 

/■oo 

+ l / (3Us)\\Ae(s)\\ 2 ds-2<p(T)\\m\\ 2 , 

Jo 
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by virtue of inequalities fl2.4l) - fl2.5p . (12.101) . fl2.12l) - fl2.13l) and integration by parts. Besides, 
by direct computation, we get 

^e b (t) = iMt)n 2 - \\A U (t)f + (m,Mt)) - (e,u(t)) Q i, 



dt 

jQ^t) = -itM^V-i -a(u t (t),T a e) Q ^ ~ \\u t 



where, in the last identity, we have used formula (12.81) once again. Then, on account of 
the obtained formulas for the derivatives of £, b and 6(j, we deduce 

d f°° 
jT.it) < -wm{h/eMH^ - fliasi + \ J /^)||^( S )|| 2 d S 

- 20(r) ||0(f) 1| + p b \\u t (t) f - p b \\Au(t) || 2 + p, (0(t), Au(t)) 



- P\>(i\u{i)) Ql - p t a(u tt (t),^) Q -i - p^(u t (t),T a ^} Q -i - Pi \\u t it)\\ 2 . 
Therefore, we get 

jF^t) < -p,\\Au(t)r - (p„ - p b )\\u t (t)\\ 2 - 2<Kr)||tf(t)|| 2 

POO 

-min{SJe,5 3 }\\ V r M ^-i\\e\\ 2 Ql + l / Ui\s) \\ 2 ds + J(t), 

J 

where we have set 

Jit) = p>(0(t),Au(t)) - p b (u(t),e)Qi+ P p(u t {t)^ Q -i- P ta(u tt {t),e) Q -x. 
Notice that, we have 

m,Mt))<\m)\\ 2 + \\\Mt)\\ 2 , 
-(u(t),e) Q i<cp,\\Au(t)\\ 2 +^\\e\\% 1 , 



*(u t (t),£) Q ^ < Cpz\\u t (t)\\ 2 - £ I P'As)\\Ae(s)\\ 2 ds 







-a(u tt (t),e) Q ^=^(u(t),e)Qi-^m),C) Q o+cx / #,(s)^*( S )<fc 

Jo 

< c Pi \\A U (t)\\ 2 + c Ptt ii^)n 2 + ^-je\\ 2 Q , + CU%i. 

By the above inequalities, it follows 

J{t) < (f + Cpl + Gp\) \\Auit)f + Cpl\\u t {t)\\ 2 + (Pb + Cpl) 



-Ht) + {*t-Cpl-Cpl)\\Au{t)\\' 



Therefore, we conclude that 
d 
dt 

+ ( Pl — p\> — Cp 2 )\\u t it)\\ 2 + (20(r) — p\> — Op]) 
+ min{S 1 /e,6 3 }\W\\l l o + ^^ll^llk < °- 
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Choosing p\, = p\,4>{t) and pj = p^(j)(r), where the positive constants pt> and p$ are inde- 
pendent of a, t and e, we obtain 

j t ^(t) + 0(r)(f - Cpl - Cp])\\Au(t)\\ 2 



+ <P(t)(p« - a - ^P 2 )lkWII 2 + <K r X 2 - Pb - cp 2 

+ 0(T)min{5 1 ,5 3 }C|| ?7 t ||^o iE +0(r)^C||^|| 2 Q , < 0. 
Then, fixing p~\, and pjj so small that 

A = min - Cpl - Cpl p t - p b - C/f, 2 - p b - Cp 2 , min^, 5 3 }C, 
and £ controls and it is controlled by T\, it follows that 



c\ >0, 



(3.2) 



.Fi(t) + f $(T)T x {t) < 0, Vt>0. 



By arguing as above, we have 

<7 1 1 1 C roc 

(3.3) s e»(.)<--W + - M » + - M ' + 7 

Setting now 



/3 CT ( S )||^( S )|| 2 ci S . 



if(t) = -e(t?(t) J 77 t > 



multiplying the second equation of ("Po-^.e) by J °° p e (s) rf (s) (is and recalling (I2.7I) . we get 



p £ (s)A 1/2 r ] t (s)ds +—e{Au,J p £ (s)r ] t (s)d 

POO poo POO 

- e(Au, J p £ {s)rf t {s)dsj + J u T (s)rf(s)ds, J p £ (s)rf(s)ds 
-e(fi, r p! E {s)r?{s)ds)-W. 



K 2 (t) = K(t) - eI^Au, J p e (s)rj\s)ds 



Pels 



Therefore, setting 



we obtain 



+ 6 

Notice that we get 



-:(,>. j p l Mr ] \s)ds)<l\m\\ 2 + \ 



)A 1 ' 2 rf{s)ds -e(Au,J p' £ (s)r ] t (s)ds^ - (Au } $) 
u T (s)r] t (s)ds, I p £ (s) r q t (s)ds S j — e($, p' £ {s)ri t {s)ds 



o 



<\\\m\? + \ 



Pe /2 (s) 

°° e\p' £ {s)f 



o PH S J 

oo 



£ ^ipy\s)h\ s )\\ds 



ds / p E {s)\\rf{s)fds 



<\\\m\\ 2 +- I ^(sw^s. 
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Moreover 

'■OO 



v T (s)rf(s)ds 



e 

+ 2 



e( / v T (s)rf(s)dB, j ti c (s)rf(s)dsj <| 

POO 

<V(t)/ u T (s)\\^(s)\\ 2 ds+ I /, E (s)\\AVy(s)\\ 2 ds. 
Jo Jo 

Hence we deduce the following inequality 

(3.4) |jf 2 (t) < --hi 2 + ^ ^(^h^/v^ii 2 ^ 

+ V(r) / z/ T (s)||r/*(s)|| 2 rfs + -||A M || 2 -(Au,^). 

./n 4 



/i E (s)r] t (s)ds 



By multiplying the first equation of (Pcr,T,e) by w we get 



dt (u t ,u)<\\u t \\ +- 



P a {s)\\Ai\s)\\ 2 ds--\\Au\\ 2 + ^,Au). 



Whence, we deduce that 
d 

7ft 



±[K 2 (t) + (u u u)} <-^||^|| 2 -i||^|| 2 +||n t || 2 + C / v T { 8 )\\rft8)rd8 



1 />OG r i POO 

2o" Jo e Jo 



Using now inequality (13.31) and setting K 3 (t) = 40jj(t) + K 2 (t) + (u t ,u), we get 

d 1 1 r°° 

j t K 3 (t)<--\\Au\\ 2 --\\n 2 -\\u t \\ 2 + C / MsWisWds 



c 

a 



P a (s)\\Ae(s)\\ 2 ds + 



C 



)p i/ V(^)ir^- 



Since, as can be readily checked, it holds 

— F(f\ < _^i||r>*|| 2 -/U|rj*|| 2 _*2||A*||2 

^ £ 11*7 IIl2 e (r+,hi) °3||f7 IIl2 t(r+iH o) ct ||S || Q i, 

setting .7-2 (£) = N£(t) + K 3 (t) with A" sufficiently large and independent of e and a, it is 
readily seen that T 2 controls and it is controlled by the energy and 



(3.5) 



J t ^it) + d Q T 2 {t) < 0, Vt > 0, 



for some positive constant c?o independent of e and a. Therefore, by combining inequalities 
(13. 2p and (13.51) and setting T = T\ + T 2 it follows that T is equivalent to the energy and 
satisfies 

jT{t) + C(0(r) + d Q )T{t) < 0, Vt>0. 
By the Gronwall Lemma we obtain the desired inequality ( 13.11) . □ 
Remark 3.3. We know that 

lim ||5' (Ti o, e (t)^||w (TOe =0, \/z e 7Y CTi0 ,e, 

t— >oo 

provided that /i satisfies a mild summability condition (see Theorem IA.1I in Appendix). 
If, in addition, we assume that (3 = and the memory kernel [i does not grow too 
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rapidly around the origin, i.e. a/s/i(s) — > for s — > 0, then the first order energy fails to 
vanish through an exponential law of decay (cf. [5, Thm. 5.4] as well as Theorem IA.2I in 
Appendix for a more general situation). For the case general f3 ^ 0, we refer the reader to 
the Appendix for a discussion on the lack of exponential stability for a class of abstract 
linear thermoelastic systems with (possibly) fractional operator powers (cf. Theorem I A. 3 1) . 



4. Closeness between S atT}S {t) and So,o,o(£) 

The aim of this section is to establish, following a pattern recently initiated in [1], a 
precise quantitative estimate of the closeness between the non analytic semigroup S a>TiB (t) 
and the analytic semigroup So t o,o(t) (see [10]) in the norm of any extended phase-space 
7i™ T£ , for m > 0, as the parameters er, r and e converge to zero, provided that the initial 
data are chosen inside a suitable regular bounded subset of 7i™ T£ (see also [2,3]). In [7] 
a similar analysis was carried on in the case a = r = 0, for a plate model which accounts 
for the rotational inertia term —Auu in the equation ruling the vertical deflection. We 
point out that, along the convergence process, fi £ and (3 a behave in a singular fashion 
since ||/i e ||L 1 (R+) —* °o and ||/3 ct ||i,i(r+) — > oo for e and a going to zero, whereas the kernel 
v T satisfies ||z>v|U 1 (r+) — > as r vanishes. 

4.1. Discussion of the results. Throughout the section we will assume that, whenever 
a > 0, r > and e > 0, conditions ([SJ-flZS]), flMD-Q and (T279]) - ff27TT]) hold true. In 
order to perform a comparison between the five component semigroup S atTte (t) and the 
three component (for a = r = e = 0) limiting semigroup So,o,o(t), we need to introduce, 
for any m > 0, the following lifting and projection maps 





■ n 0,0,0 


rl -a,T,ei 


P: 




n-/m 
rl 0,0,0' 


Qr,e ■ 


. r U m 

■ n °,T,e ~ 




Qcr : 


. U m 





defined, respectively, by 

{(u, u u •&, 0, 0), if a > and r > or e > 0, 
(w,« t ,i?,0), if a = or r = e = 0, 
(u, Ut,"&), if a = r = e = 0, 

and by 

P(u, tit, 0, 77, £) = («,tit,0), 
Q T)£ («, ti t , 0, ?7, = »7, 

In the case r > 0, if 2; denotes the initial data, taken inside any bounded subset of ?i^™^ 4 , 
we will prove the convergence of S ffiTt£ (t)z towards L,^ Tj£ S fl t o(t)Fz in the Tl™ T £ -norm over 
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any finite-time interval of the form [to , T"] with to > (cf. Theorem 14.51) . More precisely, 
as a by-product of Theorem 14.51 we will prove that 

lim sup \\S a}T>£ (t)z - h atT)S So,o,o(t)Fz\\H^ Te = 0, 
£0+ te[t ,T] 

for every R > 0, T > to > and z G B n 2 m +4.(R). 

The first three components of the solution FS^ Tt£ (t)z are shown to converge to So t o$(t)Fz 
in the 7i n o- norm on [0;^]; whereas the history components rf and £* vanish on [to, oo] 
in the .M™ £ -norm and Q™ +1 -norm respectively, due to the presence of possibly nonzero 
initial histories i]q and £o (cf- Lemma 14.21) . 

Besides, in the case r = 0, the singular limit estimate strengthens. Indeed, it turns out to 
hold on infinite-time intervals far away from zero, uniformly with respect to initial data 
lying inside any ball of 7-^™+ 4 , namely we get 

lim sup sup \\S afi ,e(t)z - L aj0jS S 0> o,o{t)Fz\\ H ™ o = 0, 

tr-O+zeB 2m+4 CR)t>to 

£^0+ H <r,0,e 

for every R > and to > (cf. Theorem 14.71) . Of course, to achieve these results, the role 
played by the exponential stability of the limiting semigroup So,o,o (t) will be important. 



4.2. Some preliminary facts. Before stating the main results of the section, we need 
a few preliminary results. 

Lemma 4.1. Let m > 0, R > and z 6 B^m T (R) . Then there exists K R > such that 
\\S a ,T,e{t)z\\n? TS < K R for allt > 0. 



Proof. By (12. 12ft and ( 12. 13ft . it suffices to multiply the equations of V a , T ,e by u t in H m } by 
i? in H m , by n in M^ e and by £ in respectively and add the resulting equations. □ 

The vanishing of the histories components if and £* of S ar e (fy is issued in the following 

Lemma 4.2. Let m > 0, R > and z = (u , Ui, $q, r) , £o) £ Bnm (R). Then there 
exists Kr > such that the following facts hold: 

(a) for every e > and t > 0, 

(4.1) \\T} \\lI s (r+,h™+i) < \\Vo\\Li e (u+,H^)e~~ + K R \fe; 

(b) for every r > and t > 0, 



(4-2) H^IUj^K+^m) < \\r}o\\ L 2 T ( K + jHm) e * + K r ^/x/j(t); 

(c) for every o > an<i t > 0, 

Proof. By arguing as in [1, Lemma 5.4] we immediately get assertions (a) and (c). Let C 
denote a generic positive constant depending on R which may even vary from line to line 
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within the same equation. By multiplying the equation of rj by rj in L^ r (IR + , H m ), and 
taking (I2.10p . (12.111) and Lemma [4.11 into account, we have 

d 

jj.\\ T l\\~Ll T (R+,H™) + °3\\V\\ll T (R+,H^) 







u Wo 



< c 



\ 1/2 / f°° , \ 

u T {s)ds) ( / u T (s)\\A^ 2 r](s)\\ 2 ds) 



< C^ifj(T)\\ri\\ L 2 T{R+tHm) < y \\v\\li T (K+^m) + Cip{r), 
so that, by the Gronwall Lemma, we immediately obtain (b). □ 
Definition 4.3. For every m > 0, rjo G M-™ e and £o G Q™ +1 , let us set for every t > 

(4.3) Y™ r>£ (t) = \\r]o\\Li e (R+,Hm+i)e~~ + \\r]o\\Ll T (m+,H™)e~ 4 + Uo\\ Q ^e~~. 
Furthermore, we introduce the maps lit, : [0, l] 3 — > M + and Ilj : [0, 1] — ► M + , 

n b (a,r,e) = ^+^+^(7), 



Observe that IF. and H$ are continuous with 11,(0, 0, 0) = IIjt(0) = 0. 

Proposition 4.4. For every m>0,R>0,7] E Bj^m e (R), £o G Bgm+i(R) and £ > 



lim sup T™ (t) = 0. 

<x^0+ t>t 

Proof. The first and third summands of T™ r£ vanish exponentially. Moreover, observe 
that, by (12.111) and since {r i— > u T } is increasing, ||^o||lJ (R.+ ,H m ) converges to zero by the 
Monotone Convergence Theorem. □ 

4.3. Case r > : the convergence estimate. We are now ready to state the main 
result of the section, which gives a convergence estimate of S ajT)£ (t) towards So,o,o(£) i n 
the norm of 71™ TE , for any m > 0, over finite-time intervals. 

Theorem 4.5. For every m > 0, R > 0, T > and z G B n 2 m +4(R) , there exist two 
constants Kr > and Qr,t > such that 

\\S aiT>e {t)z - ^,^0,0,0(0^11^,, < ,M + K R U b (a,r,e) + Qr^t), 

for every t G [0, T] . 

Remark 4.6. The regularity assumption on the initial data z could be relaxed to get 
a rougher convergence estimate on finite-time intervals. On the other hand, the price 
one has to pay is that also the constant Kr which appears in the above theorem would 
depend on the time interval. With the higher regularity that we require, instead, we are 
able to exploit the exponential stability of the limiting semigroup Sb,o,o(£) and to have, 
at least in the case r = 0, the convergence estimate holding uniformly in time. So, for 
m = 0, we get a convergence estimate for the thermoviscoelastic model starting with 
initial data having four levels of regularity above the regularity of the base phase-space. 
In the thermoelastic plate model considered in [7] (essentially, w.r.t. our notation, the 
case when a = t = 0) one needs to go just two levels of regularity above. Finally, in the 
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case of single parabolic and hyperbolic equations with memory (cf. [1,2]) it suffices to 
require one level of regularity above the basic regularity to get a time dependent control. 

Proof of Theorem \4.o] Let m > 0, R > and z = (u Q , U\, 0o, t]q, £ ) G B n 2rn+4(R). Since 

S a ^ £ {t)z = (FS ajTtE (t)z, Qr,eSa,r,e(t)z, Q a S a , TiE (t)z), t > 0, 

we get the assertion if we prove that, for T > 0, there exist Kr > and Qr^t > with 



(4.4) 



\VS a ^ £ (t)z - S 0fij0 (t)Fz\\ H % 00 < K R Tl b (o-,T } e) + Q R , T ^{r) 



(4.5) \\Q T>E S a , T , e {t)z\\ M ^ + \\Q a S ajTi£ {t)z\\ Q ^ < T™ , e (f) + K R (y/i + VW))- 



for every t G [0, T\. By combining inequalities (a), (b) and (c) of Lemma [4.21 we imme- 
diately obtain ( 14. 51) . Then, we turn to the proof of inequality ( 14. 4D . Let us set 



u{t) 


= u(t) — u(t), 


ut(t) 


= U t (t) - Utit), 


m 


= 0(f) -0(f), 






ft 


= rf - rf, 




= e* - ^ 



where (u, w t , 0, r), £) denotes the solution to V aT E with initial data z, while (w, w t , 0) stands 



for the solution to Po,o,o with initial data Fz. Besides, rf (resp. £*) denotes the solution 



at time f of the Cauchy problem in M.° r£ (resp. Q*) 



7ft = T T>e T) + 0, f > 0, 

V° = Vo, 



& = T a i + u t , t> 0, 



These problems reconstruct the missing components of the limiting semigroup 6*0,0,0 (f) 
which are needed in order to perform the comparison argument (cf. [1,2]). Then, it can 
be readily checked that {u, u t , 0, fj, £) solves the system 



m« + A 2 m+ / (3 a (s)A 2 i(s)ds - A 2 u t - A0 = 0, 

/»oo /*oo 

t + 0(r)0 + 0(t)0 + / z/ r (s)i7(s)cis+ / /i £ (s)Ai7(s)ds - A0 + Au t = 0, 

Jo Jo 



7] t = T T£ Tj + 0, 

It = T a £ + u t , 
{ (u(0), u t (0), 0(0) ,rf,£°) = (0,0, 0,0,0). 
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By multiplying the first equation by Ut in H m , the second by $ in H m , the third by fj in 
-M™ £ and the fourth by £ in we obtain, respectively, 

l| ( p( m+2 )^ f+ P^ j2) + ( ^^ )s „ i+1 

-( A (™+2)/\ tjA (m + 2)/2- t) _ {A ( m+ l)/2^ A (m + l)/2- t) = ^ 

±j\\A m/2 $\\ 2 + cj)(T)\\A m/2 $\\ 2 + 0(r)(A m/2 tf, A m/2 $) 
+ (vJ)m™ £ - (A ( - m+1 ^ 2 ^,A^ m+1 ^ 2 d) + {A {m+1 V 2 u u A^ m+l V 2 $) = 0, 

\j t M\ 2 MT-,e - ( T T,eV,rj}M^ e ~ (fj,d)M?,. = °> 
Taking (12. 121) - (12. 131) into account, and adding the above identities, we end up with 

|(|| A (m + 2)/2-||2 + \\ A m/2 u ^2 + ^m/2^2 + ||-||^ + ||£||2^ < ^ + ^ + ^ 

where we have set 



I £ (t) = - / /i £ (s)(A( m+1 )/ 2 r/'(s),A( m+1 )/¥(t))rfs + (A^ m+1 ^ 2 ^(t),A^ m+1 ^ 2 d(t)), 
Jo 

POO 

J a {t) = - f3 a {s){A { - m+2 ^ 2 i t {s) ) A i - m+2 ^ 2 u t {t))ds + {A {m+2 ^ 2 u t {t), A^ m+2 ^ 2 u t {t)), 
Jo 

poo 

K T {t) = - / z/ T (s)(A m /y(s),^ m/2 ^))ds - <P(T)(A m / 2 $(t), A m / 2 d(t)). 



We stress, for later use, that the above term K T (t) appears under the assumption that 
t > 0, whereas we would simply have Ko(t) = for all t > in the case r = 0, since uq = 
and 0(0) = 0. We shall write, for all t > 0, I e (t) = $^ =1 Ij(t) and J a (t) = $^ =1 J j( f )^ 
being the IjS and the JjS defined, respectively, by 



CO 



h{t) = / 8fi e {s) {A( m+1 V 2 $(t), A (m+1 ^{t)) ds, 



00 



h{t) = - / » 6 (s) (A^+^Wis), A^ m+1 ^{t)) ds, 
Jjl 

hit) = - _ Me (s) (A^/^ois - t), A^ +1 ^(t)) ds, 
hit) = ! E (s- t)ti e (s) {A^ m+l ^H{t), Ai m+1 V 2 $(t)) ds, 

J min{ v / i,t} 



hif) = I fi e (s 




min{s,t} 



ds. 
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and 



Ji(t) = / sf3 a (s) {A^' 2 u t {t), A^' 2 u t {t)) ds, 



OC 



J 2 (t) = - / i3 a (s) (A^ 2 e(s), A^ 2 u t {t)) ds, 

Mt) = - (A^/%(s - t), A^ 2 u t (t)) ds, 

Mt)= f ° _ (s-t)P a (s)(A^ + ^ 2 u t (t),A^ +2 y 2 u t (t))ds, 

J min{ yfa,t } 



Mt) = I 



min{s,t} 



(A^ 2 (u t (t) - u t (t - y)), A^ 2 u t {t)) dy 



ds. 



In the following, we shall denote by C > a generic constant which may even vary from 
line to line and may depend on R, but it is independent of a, r and e. By virtue of 
Lemma [4. 1| we have ||5 , - iTj£ (t)z|| W 2m+4 < C for all t > 0. In particular, 

(4.6) \\A m+3 u(t)\\ + \\A m+2 u t {t)\\ + \\A m+2 d{t)\\ + \\ff + Hi' \\ Ql m +5 < C, 

(4.7) \\A m+ Mt)\\ + \\A m+2 u t (t)\\ + \\A m + 2 $(t)\\ + WlU^ + W?W&«* < C > 

for all t > 0. Furthermore, since So,o,o(i) is exponentially stable, there exists > with 

(4.8) ||Au(t)|| + \\u t (t)\\ + < Ce-™\ Vt > 0. 

Concerning the treatment of the terms IjS and J-,s, we will proceed on the line of [1, 2] 
but strengthening the estimates, whenever it is possible, through the first order energy 
exponential decay furnished by (14. 8p . Observe first that, due to (|2.4l) - (j2.5p and (12.61) . 

poo poo 

(4.9) / sfi £ (s)ds < Ce, Ve > 0, / sf3 a {s)ds < Co, Vct > 0. 
Hence, by (Q|) . (147]) . (I48|) and ([4~9~]) . we immediately get 



/!(*)= / Sfl £ (s)($(t),A m+1 $(t))ds 

< Ce\\A m+1 ${t)\\\\$(t)\\ < Cee~ mt , Vt > 



Ji(*)= / S /3 CT ( S )< Mt (t),A m+2 M t (t))rf s 

< Ca\\A m+2 uAt)\\\\u t {t)\\ < Cae~ mt , Vt > 0. 



Let us now prove that there holds 

(4.10) \\rf\\li e (w+,H^) < Ce ~^ + Cy/ie^, Vt > 0, 

(4.11) M%™+i < Ce-^ + C^e^\ Vt > 0, 
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Indeed, arguing as in [1, Lemma 5.4], we readily obtain 

lk t ||^ e (M+,H2 m+2) < Ge~^ + C^, Vt > 0, 

, Sot , 

||C IIq^+3 < Ct~^ + c^, vt > o. 

Whence, by multiplying the equation for r] times rj in L 2 ^ (R + , H m+1 ), in light of (I4.8p . 



" 11 J\\2 



<2||0(t)|| / ^Wll^VWIIda 



— 11'^' 'Nil'/ IIl- (j. .//-■"-•) 7=' 



< rllTOillMIL. < 4e"(«+i)* + Ce-*, 



which yields (14.101) via the Gronwall Lemma. In a similar fashion, again by (14. 8ft . we get 

Jt u%^ + < 2ik(on y /3 CT ( S )iiA m+2 ^( S )n^ 

< ^IKOIinita-^ < + ce-**, 

which yields inequality ffl~TTj) . By means of f^B|) - (j4"77l) . fT4T9D and fl4TM - fl4~TTl ) we have 



l>OC 



< CV£||77 t || i a eCR+> fp B+ i ) < C^e-¥ + CVie-T*, Vt > 0, 

/■oo 

m<c\ $M\\A {m + 2)i2 t\s)\\ds 

< Cy/aWtfWgp+i < Cy/ae'^ + Vt > 0. 
Taking (IX4>(^5P . (fJTD-dUD and gU)-g2D into account, we get, for t < </e, 

h{t)<C [ E ^WA^/'rjois-mds 



<M / Z" 00 \ 1/2 Sl t 

<Ce-- / fi £ {s)ds) \\rj \\ 

»/ 



<Ce~-U p a (s)ds) Uo\\ Q rn + i<^e-^, Vt > 0. 

v 

Arguing in a similar fashion, there holds 

Sl t r 00 s lt 
h(t)<Ce-— sn £ (s)ds = Ce-—, Vt > 0, 
Jo 

POO 

Ji(t)<Ce—$- S (3 a (s)ds = Ce—2-, Vt > 0. 



Observe now that 

(4-12) \\d t S 0> a,o(t)Fz\\ HOooo <C, Vt > 0. 



18 M. GRASSELLI, J.E. MUNOZ RIVERA, AND M. SQUASSINA 



Indeed, from the equations of Vq,o,o. by virtue of (14. 7p . 



11^(011 < \\A0(t)\\ + \\Aut(t)\\<C, Vt>0, 
\\u tt (t)\\ < \\A 2 u(t)\\ + \\A 2 u t (t)\\ + \\A»(t)\\ <C, Wt> 0, 
so that (14.121) readily follows. In particular (I4.12p yields 

\\u t (t) - u t (t -y)\\ + - &(t -y)\\< \\SoMt ~ y)(So,o,o(y)^ ~ Pz)ll*° 

<Ce-^ [" \\d t SoM^4K 00 d^ 
Jo 

< Ce-**y, 

for every t > and y G [0,t). Hence, by (l2?7jl -CTl and we obtain 

h(t) < \\A m+i m\\ / »e(s) / \\0(t)-4(t-y)\\dyd8 



J 5 (t) < \\A m+2 u t (t)\\ / p a (s) / \\u t (t)-ut(t-y)\\dyds 



< Cy[de-™\ Vt > 0. 

We now turn to the estimate of K T . Taking condition (12. lip as well as (b) of Lemma [4.21 
into account, we obtain 



K T (t) = - / u T (s)(A m/2 7 1 t (s),A m/2 ^(t))ds - 0(r)(A m/2 ^(t), A m/2 $(t)), 
Jo 

/"OO 

< c / z/ T ( s )p m /y(s)i|d S + C0(r) 

Jo 

/ r°° \i/2/ r 00 , \ i/2 

<C[J v T {s)ds) (y ^(^P^^f^J +C0(r) 



< Cy^je-^ + Cip(r) + C0(r), Vt > 0. 
Therefore, collecting the previous inequalities, we end up with 

j t \\FS a>T;£ {t)z - S 0>0>0 {t)¥z\\ 2 H ^ o < Mt) + <P*{t), Vt > 0, 
where we have set 

-—t 1 l ^2* ' 



(p 2 (t) = Cy^)e~^ + Cij(r) + C<j>(r). 
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Notice that, there holds 

/ <Pi(s)<k< C(Vi+ v^), Vt>0, 
Jo 

[ ^ 2 (<;)d^<C^/i^) + C(7p(r) + (t)(T))t, Vt>0. 
Jo 

Consequently, by integrating the above differential inequality in time, we can find two 
constants K R > and Q r> t > such that 

\\(u(t),u t (t)J(t))\\n^ < K R U i> (a,r,e) + Q R!T U l (r), Vt > 0, 

which proves (I4.4p . The proof is now complete. □ 

4.4. Case r = : uniform in time estimate. As a straightforward but important 
corollary of the main Theorem I4.5[ in the case r = 0, we obtain the following 

Theorem 4.7. For every m > 0, R > and z E B n 2^+4(R) there exists K R > with 

H-S'^i*)^ -l^afi,eSo,0,o{tWA\H^ 0ie < \\m\M% e e ^ + \\Z,o\\q™+^ ^ + K R { \fs + ^fo) , 

for every t G [0, oo). 

Proof. It suffices to retrace the steps in the proof of Theorem 14.51 taking into account that 
lit, (cr, 0, e) = \fe + \fa and K (t) = for every t > 0, which in turn yields Qr,t = 0. □ 



Appendix: failure of exponential decay 

Here we want to consider some variants of our model with no energy relaxation (i.e., 
a = 0), in order to show that the relaxation of the heat flux and/or of the strain may not 
ensure the exponential stability of the corresponding semigroup. 

Let Q C M? be a smooth bounded domain and let a, a > 0. In this section we consider 
the thermoelastic system with memory in an abstract setting 



/■oo 

+ / h'(s)A 2 u{t — s)ds + A 2 u — A a d = 0, 
Jo 

POO 

f / k(s)A a $(s - t)ds + A u u t = 0. 
Jo 



Notice that the corresponding memory free model, studied, e.g., in [12], 

u tt + A 2 u - A a d = 0, 
tf t + A a {} + A a u t = 0, 

includes, for A = —A, as particular cases: 

- thermoelastic plates, for a = a = 1; 

- viscoelasticity, for a = and a = 1. 
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A.l. Preliminaries and main results. Let k : M + — > R + and h : IR + — > M + be smooth, 
decreasing, summable functions and set n(s) = —k'(s) and (3(s) = —h'(s), where 

(A.l) fi,(3 eC\R + )nL 1 (R + ), 

(A.2) m0)>0, P(s)>0, VsgR + , 

(A.3) /i'(s)<0, (3'(s)<0, VsGR + , 

/*O0 /*OG 

(A.4) < / s 2 /i(s)ds < oo, / /3(s)ds > 0. 

Moreover, we assume that A is a (strictly) positive selfadjoint linear operator on L 2 (Q) 
with domain 12(A) which admits a diverging sequence of positive eigenvalues {7„}„>i. 

We introduce the scale of Hilbert spaces H a = T)(A a / 2 ), «6l, endowed with the inner 
products (ui,u 2 )H a = (A a / 2 ui, A a / 2 u 2 ) and we consider the weighted spaces 

M a = Ll(R + ,H a ), Q = Ll(R + ,H 2 ), a E R, 

endowed, respectively, with the inner products 

/•oo /*oo 

(VuV2)M a = Ks)(vi{s),V2{s))H"ds, (£i,6)s=/ /3(s)(6i(s),6(s))ff2cis. 

JO JO 

Finally, we introduce the product space 

H = H 2 x H° x H° x M a x Q, 

endowed with the norm 

w(u,u t ,#,r),o\\H = Nil* + \\u t \\ 2 H0 + \m 2 H0 + \\v\\ 2 Ma + neiic- 

In order to formulate the problem in the history space setting we denote by T and T' the 
linear operators on JH a and Q respectively, defined as 

t v = - Vs , t,eV(T), n = -6, 

where V(T) = {q E M Q : r] s E M a , V (0) = 0} and V(T') = E Q : & G Q, f (0) = 0}, 
and r/ s (resp. £ s ) stands for the distributional derivative of rj (resp. £) with respect to the 
internal variable s. On account of flA.3j) . we immediately get 

(A.5) (T V ,Tj)M a <0, (n,Os<0, 

for rj E D(T) and £ G T>(T'). Let us introduce the formulation of the problems. On ac- 
count of the notation introduced above, given (it , u-i, i9 0) ?70) £o) i n ^ find ( M , M t? "&,VjO e 
C([0, oo), TC) solution to 

/ /?(s)A 2 ^(s)rfs + A 2 m - = 0, 



/>oo 

t + / ^(5)^(5)^ + ^ = 0, 
•/ 



(?V) 

r] t = Tr] + 

for t G M + , with initial conditions 

(«(0) )Wt (0),tf(0),V\£°) = K, «i,4%,$o) 
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and abstract boundary conditions 

u{t)eV{A 2 ), d{t)eV(A a ), t>0. 

System V a , a allows us to provide a description of the solutions in terms of a strongly 
continuous semigroup of operators on TL. Indeed, setting ((t) = (u(t), v(t), $(t), 77*, £*) T , 
the problem rewrites as 

j t C = C(, C(o) = Co, 

where £ is the linear operator defined by 



(A.6) 



with domain 



C 



fu\ 




V 








V 









/ 



\ 



- J °° (3{s)A 2 £{s)ds - A 2 u + A°ti 
- J °° n(s)A a rj(s)ds- A a v 
tf + Tr] 
v + T'i 



\ 



J 



V{C) 



> . 



Au G H 2 , v G H 2a , d G H 2a ^ 
J °° fi{s)A a V {s)ds G H° 
J °° (3(s)A 2 (s)ds G H° 
r?G£>(T), ieV{T') 

Since, by fl A. 5[) . £ is a dissipative operator, arguing, e.g., as in [4], and assuming that 
f)A.ip - flA.3p hold, we learn that V a ,<j induces a Co-semigroup S ajCT (t) of contractions on 7i. 

Assuming that (1A. l[) - (1A.4h hold, we have the following 
Theorem A.l (pointwise decay). For every a, a > 0, 

lim \\S aia (t)z \\ H = 0, Wz eH. 



t— >oo 



The main result of the Appendix are the following 

Theorem A. 2 (non-exponential decay I). Assume that 0<a<2,cr>0 and 



H{s) 



0<ui< 



a 



Ku8 X > 0, 



P(s) = 0. 



Then S aj(7 (t) is not exponentially stable on 7i. 

Theorem A. 3 (non-exponential decay II). Assume that for some fti, «2) ^2 > 0, 



Furthermore, suppose that 

< a < 2, 

and that 



< a < 1, 



2a — a 2 — a 

<UJ 1 < 



a < 2a, 
2a 



< Co>2 < UJl — 



a 



2 ~ 2 1 

Then S a ,a(t) is not exponentially stable on H. 

Remark A. 4. The condition a < 2a on the A powers is not new in thermoelasticity. It 
appears for instance (among other restrictions) in the study of smoothing/non-smoothing 
properties for a class of abstract (memory free) thermoelastic systems (cf. [12]). 
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Remark A. 5. The memory kernels of Theorems I A . 2lTA~3l also satisfy the extra summability 
condition (I A .41) . Hence, any trajectory of the system goes to zero, but with an arbitrarily 
slow decay rate, according to the chosen initial data. 

The rest of the Appendix is devoted to the proof of the above results. 

A. 2. Proof of Theorem lA.il In order to prove the result, we shall exploit the following 
sufficient condition for the (pointwise) decay to zero of any trajectory of a linear gradient 
system (cf., e.g., [5, Thm. A. 2 and Cor. A. 3]). 

Lemma A. 6. Let S(t) be a linear gradient system on a Banach space 7i, let z G W and 
assume that 

S(t)z is relatively compact in H. 

t>o 

Then 

lim S{t)z = 0. 

The same holds if the hypotheses are satisfied for all z G X , with X dense subset ofTi. 

By exploiting flA.ll) - flA.3j) and flA.51) and observing that, by flA.4j) . \i and (3 cannot be 
identically equal to zero, it is easily seen that S a ^{t) is a gradient system on H (argue, 
e.g., as in [5, Prop. 3.2]). We shall also set 

Ml = Ll(R + , H a+1 ), Q l = L% (R + , H 3 ), H 1 = H 3 x H 1 x H l x M l a x Q 1 . 

If C denotes the linear operator defined in flA.6j) . since the space V(C)r\H l is dense in H, 
according to Lemma fA.6l it is sufficient to check the assumptions for a fixed zq G T>(C)r\7i l . 
Let C = C(z ) denote a generic positive constant. It is readily seen that HS^o-^zollw 1 — C 
for all t > 0. Indeed, by flA.5j) it suffices to multiply the equations of V a , a by u t in H 1 , 
by ^ in H 1 , by n in M l a and by ^ in Q} respectively and add the resulting equations. Let 
us consider the sets 

-Mc 



C! = |J^ alld C 2 = |J^ 



/ 

t>l t>l 

We claim that C\ x C2 C M^ x Q l is compactly embedded into M a X Q- To this aim, we 
recall the following compactness result (see, e.g., [5, Lemma 2.1]) for the spaces M\ x Q}. 
Assume that C\ C M\ and C 2 C Q 1 satisfy: 

(i) sup H^llxi < 00 an d sup ||?7s||x a < 00, 

(ii) sup ||f || Q i < 00 and sup ||^ S || Q < 00, 

(iii) lim rsupT„(a;)l =0 and lim TsupT^x)] =0, 
where the tails functions and are defined by 

T v (x)= [ fi^WA^^fds, x>l, 

J {0,l/x)U(x,oo) 



Tt(x)= / f3(s)\\AasWds } x>l. 

J (0,l/x)U(x,oo) 
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Then C\ x C2 is relatively compact in Ai a x Q. Indeed, by simply mimicking the proofs 
of [5, Lemma 4.3 and Lemma 4.4], exploiting the representation formulas for if and £* 

JZ#(t-y)dy, 0<s<t, 
T] (s -t) + Jq &(t - y)dy, s > t, 
u(t) —u(t — s), < s < t, 

£ (s-t)+u(t)-u(P), 8>t, 

it is readily seen that (i)-(iii) are fulfilled (we point out that the addition summability 
assumption ( 1A.4j) on \i pops up in the proof of (iii) for rf). Now, consider the set 

fC = B H 3 xH i xH i(C) x C\ x C%. 

Then, JC is compact in TC being B H 3 xH i xH i(C) compact in H 2 x H° x H° and Ci x C2 
compact in A4 a x Q. Moreover, by construction, there holds S a;a (t)z G JC for every 
t > 0. Therefore, by Lemma lA.6[ we have 5' Q!)Cr (t)zo — > in TC as t — > 00. □ 

A. 3. Proof of Theorems IA.2I and IA.31 To prove the results, we shall exploit the 
following classical result due to Priiss [14]. 

Lemma A. 7. Let S(t) = e tc be a Co-semigroup of contractions on a Hilbert space TC. 
Then S(t) is exponentially stable if and only if iR belongs to the resolvent set of C, and 
there exists e > such that 

inf ||(iAI - C)z\\ n > s\\z\\h, G V(£). 



We start with the proof of Theorem IA.31 for the proof of Theorem I A. 2 1 is just a simple 
by-product. Let C be the linear operator defined in (IA.6I) . For A G R and for z = 
(0, 0, 0, 77, ^) T G TC, we consider the complex equation (zAI — C)z = z, which explicitly 
writes as 

iXu — v = 0, 



iXv 



poo 

+ / (3(s)A 2 £(s)ds + A 2 u-A r7 $ = 0, 
Jo 

poo 

i\$+ I n{s)A a r]{s)ds + A a v = 0, 



i\t, - v + £ s = f , 
i\f] — d + r] s = fj. 

We shall denote by {7„} the sequence of (positive) eigenvalues of A and by {w n } the 
corresponding sequence of normalized eigenvectors. We choose 

V( s ) = Vn(s) = J~ a/2 W n , i(s) = i n (s) = A n W n . 

where A n = A n (7„) will be suitably chosen later on. If z n = (0, 0, 0, rj n , ^ n ) T , then it holds 



(A.7) 

where we have set 



n\m 



k + /i (7nA„) 2 , 
(j,(s)ds, h 



for all fiGN, 
P(s)ds. 
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We shall prove the assertion by applying Lemma \A.7\ arguing by contradiction. To this 
aim, we find a sequence {A n } in M. and a corresponding solution z n such that ||^ n ||w ~~ > 00 1 
as n — > 00. We search for a solution z = (u, v, rj,£) T of the form 

u = u n = pw n , v = v n = qw n , d = § n = rw n , rj = i] n = (pw n , £ = £ n = tpw n , 

where p,q,r E C, tp E and ip E H^(R + ), with tp(0) = if>(0) = 0. Whence, the 

above system leads to the following equations 

iXp — q = 0, 

POO 

lip - A 2 p - 7n r + ll I P(s)i[>(s)ds = 0, 

Jo 

poo 

iXr + i\j°p + 7" / v{s)(p{s)ds = 0, 
Jo 

i\tp(s) - r + if s (s) 



a/2 1 



JXtp(s) -q + ip s {s) = A n . 
Imposing </?(0) = ^(0) = 0, we can integrate the last two equations, getting 

^) = l(g + A n )(l-e-^). 
Then, we are led to the following system 

iXr + iX^P + -f (r + 7n a/2 ) (k - c(A)) = 0, 
lip ~ A 2 P - l a n r + ^{iXp + A n )(/i - 6(A)) = 0, 
being c(A) and 6(A) the Laplace transform of the kernels \i and (3 respectively, 

POO 

c(A) = / fx(s)e- iXs ds, 
Jo 

(3{s)e- iXs ds, 



(A. 



6(A) 

We now impose the conditions 



A G 
A G 



(A.9) 



iXr + iXj°p + 



rkol%_ 
iX 



0. 



p 



ln r 



;i + 6 ) 7 2 -A^ 



These yield the fourth order algebraic equation 

(A.10) A 4 - [(1 + 60)7^ + l 2 n a + koln] A 2 + *b(l + W +2 

Taking into account that, since a < 2 and a < 1, we have 



0. 



(1+W + Tf + *b7n=0(7n), 



as n 



00, 
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it is easy to realize that (lA.lOj) admits a real positive solution A = A n = A n (7„) = 0(7 n ), 
as n — > oo. Consequently, setting c n = c(A n ) and b n = b(X n ), from (1A.8|) - (1A.9I) . we get 

_ ^0 ~ c n _ / \ 

In C n 

IrJ'n / \ 

(1 + h )% - \ 2 n 

iX n p n b n , . 

An = t r- = A n (7„). 

/i - 6 n 

Notice that the above quantities depend solely on the eigenvalues 7„ of A. Moreover, 

b n = [°° K 2 s-^e- {iX - +6 * )s ds = ^X^ 1 (i + ^)" 2_1 r(l - u 2 ) 
Jo ^ X n J 

= O (A- 2 ' 1 ) = O {i*- 1 ) , 

\ X n J 
= O (A-- 1 ) = O (7^- 1 ) , 
as n — > oo, where V is the Gamma Function, so that 

h = O (i^ 1 ) as n -> oo. 

As a consequence, we obtain 

iX n b n 7^ +1 k - ^ 



(A. 11) 7nA n ( 7n ) 



h -b n (l + hohl - K 7 n /2 C n 
cr+2-a/2 



a + hohl-XlcJ U[ln >> 

as n — > oo. By (1A.7I) . (IA.11I) and the assumptions on a,a,ui,u 2 , we learn that 

sup H^nllw < °°- 

n>l 

On the other hand, by the assumptions on a, a, ui, we have \r n \ — > oo as n — > oo, yielding 

\\zn\\n > \\$n\\ = Kl ^ oo, as n —> oo, 

which readily yields a contradiction and concludes the proof of Theorem IA.31 
The proof of Theorem IA.2I simply follows by mimicking the above steps, observing that 
by assumption we have h = 0. In particular ||-z n ||w = \fko by (|A.7p . whereas ui\ < 
implies that ||^ n ||^— >ooasn— >oo, yielding again the assertion. □ 
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